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0. INTRODUCTION 
In this paper we study rings R which are strongly graded by a finite 
group G, with unit element e, such that the initial subring R, is an order 
which is either hereditary, tame, or maximal. The main results, e.g., 
Theorems 3.1 and 4.3 provide sufficient conditions for R to be a tame, 
respectively, a maximal order in its total ring of fractions. The graded 
methods introduced here allow a unified approach to problems earlier for- 
mulated for group rings, skew group rings, and crossed products. In this 
way we generalize and extend some theorems of: Rosen (skew group rings 
and hereditary orders); Williamson and Harada (crossed products and 
hereditary orders); Auslander, Goldman, and Rim (skew group rings and 
maximal orders). The basic difficulty at the graded level resides in the 
finiteness of G, i.e., G is not ordered. Moreover, the center of R, Z(R), need 
not be graded and this accounts for some problems in the study of tame 
orders. In view of this it will be necessary to find a new approach different 
from the one used by Marubayashi, Nauwelaerts, and Van Oystaeyen [8] 
in studying similar problems for E-graded rings. On the other hand, the 
finiteness of G also provides a way out; a helpful tool is given by the 
integrality of some of the ring extensions involved. So, even if the structure 
of Z(R) remains rather undetermined, one is able to keep a good grip on 
the behaviour of certain prime ideals. 
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1. PRELIMINARIES 
We content ourselves with just stating the results which motivated us to 
consider the problems in the graded context. For further references and full 
detail we refer to I. Reiner, [12], and for the hereditary case also to a 
paper by S. Jondrup, [6]. 
Let R be a Dedekind domain with field of fractions K and let L be a 
finite Galois extension of K with Galois group G; denote by S the integral 
closure of R in L. Assume that for each prime ideal P of S, S/P is separable 
over RJPn R. We say that S/R is tamely ramified if for each prime ideal P 
of S, the ramification index of P in L is different from zero in R/P A R. 
From [12, p. 3731 we retain that S/R is tamely ramified if and only if there 
exists an s E S such that C, E G (T(S) = 1. We stick to the following notations: 
So G is the skew group ring with respect o the given action of G on S, and 
S * G is the crossed product with respect o the given action of G on S and 
some factor set c: G x G + U(S). 
1.1. THEOREM (Auslander-Goldman-Rim). The skew group ring SO G is 
a maximal R-order in the central simple K-algebra L 0 G tf and only tf S/R is 
unramtfied, i.e., tf and only tf the discriminant ideal d(S/R) equals R. 
1.2. THEOREM (Rosen). The skew group ring So G is a hereditary R- 
order tf and only if S/R is tamely ramtjied. 
1.3. THEOREM (Williamson and Harada). The crossedproduct S * G is a 
hereditary R-order if and only if SIR is tamely ramified. 
1.4. THEOREM (Jondrup). Let G be a finite group acting on a left 
hereditary ring A such that the order of G is a unit in A, then the crossed 
product A * G is left hereditary. 
2. HEREDITARY RINGS 
Our first result is valid for arbitrary groups G. 
2.1. PROPOSITION. Let the ring R be graded by a group G. 
(1) If R is left gr-hereditary, i.e., every graded left ideal is projective, 
then R, is left hereditary. 
(2) If R is strongly graded by G (i.e., R, R, = R,, for all o’, z E G) and 
R, is left hereditary, then R is left gr-hereditary. 
Proof (1) A graded left R-module is projective in R-gr, the category of 
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graded left R-modules, if and only if it is a projective left R-module, cf. [9]. 
The statement follows easily from the consideration of RL for every left 
ideal L of R,. 
(2) For a strongly graded ring R, the functors: 
R@(-): R,-mod+R-gr and (-),: R-gr+ R, -mod 
& 
define an equivalence of categories, cf. [9]. 
Also from [9] we recall the following facts. 
If the ring R is strongly graded by G, then G acts on the center Z(R,) of R, 
as follows. There are canonical group homomorphisms: 
4: G + Pic( R,), 0 + C&l (cf. PI), 
Ci: Pic( R,) + Aut( Z( R,)), cm + aA4 (cf. C51), 
where a,,,Ju) is the unique element of Z(R,) such that aM(u)m = mu for all 
m E M. For more detail on the Picard group of a noncommutative ring one 
may consult A. Frohlich’s paper [5]. The composition ad defines the 
action of G on Z(R,) and the action of 0 E G on a E Z(R,), denoted by a(u), 
is given by a(u)x = xu for all x E R,. If we fix a decomposition of the unit, 
1 = xi u~)$?, E R,R,- 1 = R,, then we obtain a(u) = xi u~)uu~!~ for every 
a E Z( R,). 
The subring Z(R,)’ fixed under this action of G coincides with 
Z(R) n R,. If G is finite, then we may define the trace of G on Z(R,) by 
putting tr(a) = x.,, G a(u), for a E Z(R,). The following is essentially Van 
Oystaeyen’s version of Maschke’s theorem for strongly graded rings, 
cf. [l]. 
2.2. LEMMA. Let R be strongly graded by a finite group G and suppose 
there exists and element c E Z(R,) such that tr(c) = 1. Zf f: M+ N is a left 
R,-linear map between left R-modules A4 and N, then there exists a left R- 
linear map 3: A4 + N only depending on f and c, such that f = f if f is R- 
linear and (gf )-= g3for any left R-linear map g: N + T, TE R-mod. 
Proof If 1 = xi ~~4~~1~ E R,R,-I then define f by 
3(m)= 1 C u$%f(u$,m) for all mEA4. 
aeG i 
It is not hard to check all claims about the properties of7 
2.3. PROPOSITION. Let R be strongly graded by a finite group G and sup- 
pose that there exists an element c E Z(R,) such that tr(c) = 1. Zf R, is left 
hereditary, then R is left hereditary. 
481/101/l-5 
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ProofI Since R is strongly graded, each R, is an invertible R,-bimodule 
and therefore R = @ 0E G R, is a finitely generated projective left R,- 
module. Since R, is left hereditary, any left ideal L of R is a projective left 
R,-module too. From the lemma it follows immediately that L is also pro- 
jective as a left R-module. 
2.4. Remark. Compare this to Theorems 1.2, 1.3, and 1.4. 
3. TAME ORDERS 
In this section R is strongly graded by a finite group G and we suppose 
that R, is a prime P.I. ring. Let A be the center of R, and let L be its field 
of fractions. The classical ring of quotients Q,,(R,) of R, is a central simple 
L-algebra and LR, = Q,,(R,). The set S of regular elements of R, is also a 
regular Ore set of R (see also [2]), and Q = R, is a strongly graded ring 
(by G) such that Q, = Q,,(R,). Since Q is a finitely generated Qe-module, it 
is an Artinian ring, hence Q is the classical ring of quotients of R. 
As explained in Section 2, we have an action of G on A and this action 
extends to an action on L defined by the group homomorphisms 
G + Pic(Q,) --f Aut(L). Clearly L is a finite Galois extension of LG and 
therefore A is an integral extension of A ‘. It is equally obvious that L may 
be obtained by localizing A with respect o the multiplicative set AC - (01, 
and thus LG is the field of fractions of A’. Note also that Q = LGR. 
Furthermore, since Q is a finitely generated Q,-module, it is also a finite 
dimensional LG-algebra. It follows that Q and hence R is a P.I. ring. If we 
assume R to be a prime ring, with center C having field of fractions K, then 
Q is a central simple K-algebra such that KR = Q. Note that AC = Cn R, 
and LG = Kn Q,. 
Recall the definition of tame orders, cf. [3]. Let C be any Krull domain 
with field of fractions R, and let Q be a central simple K-algebra. We say 
that R is a C-order in Q (in the sense of R. Fossum) if it is a subring of Q 
satisfying Cc R, KR = Q and every element of R is integral over C. By 
X1( - ) we mean the set of prime ideals of height one of the ring con- 
sidered. If P E X’(C) then the localized ring Cp is a discrete valuation ring. 
A C-order R in Q is a fame order if for every P E X’(C) the central ring of 
quotients R, is a hereditary C,-order in Q, and R is divisorial, i.e., R = 
n{R,d=wC)l. 
3.1. THEOREM. Let R be strongly graded by a finite group G such that 
tr(a,) = 1 for some a0 E A. Assume that R is a prime ring and that R, is a 
prime P.I. ring which is a tame A-order in Q,. Then C is a Krull domain and 
R is a tame C-order in Q. 
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Proof (1) First, we establish that R is integral over AG and hence over 
C. Since R, is a P.I. ring which is an integral extension of A and A being an 
integral extension of AG, it follows (cf. [lo]) that R, is integral over AG. If 
r,, E R, then r”, E R,, where n = 1 G 1, and thus it follows that r. is integral 
over AG. Now let 0 #r E R and let r = ro, + . . . + rqk be the homogeneous 
decomposition of r in R. Let T= AG(r O,,..., rak} be the AG-subalgebra of R 
generated by { rU, ..., roe}. It is clear that T is a P.I. ring, and the monomials 
in To,,..., rat are integral over AG since they are homogeneous from [ 11, 
p. 1521 it follows that T is finitely generated as an AG-module, hence T is 
integral over AG. This entails that r is integral over AG. 
(2) Since AG = A n LG, it is a Krull domain, Since A is an integral 
extension of AG we have lying-over and incomparability for prime ideals. 
Moreover, since A is a domain and AG is integrally closed we also have the 
going-down property, cf. [15]. Consequently, if PE X’(A) then pn AGe 
iI”( Conversely, if qE X1(AG) then there exists a prime ideal p of A 
lying over q and p E X’(A). 
Now let q E X’(AG). The localization A, is the integral closure of (AG), 
in L; therefore A, is a Dedekind domain because (AG), is such (whilst L is 
a finite extension of LG). If p varies through the set of prime ideals of A 
lying over q, then pA, varies over the set of all the nonzero prime ideals of 
A,. The ring (R,), is an A,-order in Q,, hence it is a finitely generated A,- 
module (cf. [12, p. 1261). Now it is easily seen that (R,), is left and right 
hereditary. Indeed, (R,), is a Noetherian A,-algebra and if m is a maximal 
ideal of A,, say m = pA, for some p E X’(A) lying over q, then the ring of 
quotients of (R,), at A, - m is isomorphic to (R,),, hence it is hereditary, 
cf. [12, p. 403. 
Since A, is a Dedekind domain and (R,), is a finitely generated torsion- 
free A,-module, it follows that: 
We), = f7{(R),),> m a maximal ideal of A,} cf. [12, p. 541. 
Therefore, (R,), = n { (R,),, p E X’(A) lying over q}. Since R, is a 
divisorial A-order by assumption we obtain R, = n{(R,),, qEX1(AG)}. 
(3) For each qEX’(AG), Proposition 2.3 entails tat R, is left (and 
right) hereditary. The equality R = n{ R,, qc X’(AG)} follows from the 
fact that the latter intersection is a strongly graded ring, B say, containing 
R and such that B, = n{(R&, qcX1(AG)} = R,. 
(4) It remains to show that R is a tame C-order in Q. By (1), C is an 
integral extension of AG and as in (2) we derive that for P E X’(C), 
Pn AGeX’(AG). On the other hand, if qeX1(AG) then there is a prime 
ideal P of C lying over q and P E X’(C). Consider P E X’(C) and put 
P n AG = q. The ring of quotients of R at C - P, R,, is hereditary because 
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R, is hereditary and R, is a subring of Q containing R,, cf. [7, 
Proposition 1.63. Next we verify that R is a divisorial C-order in Q. For 
qEX1(AG), R, is a hereditary prime P.I. ring with center C,. According to 
[14] Theorem 3, C, is a Dedekind domain and R, is a finitely generated 
C,-module. Therefore, as in (2) we obtain 
R, = f-l i(Rqh ~4 a maximal ideal of C, >, 
and this entails that 
R, = n {Rp, PEX’(C), P lies over q}. 
Then R=~{R,,~EX’(A~)} yields that R=fi{R,, PEA”(C)}. 
Finally we show that C is a Krull domain. From R = 0 {R,, q E X1(AG)} 
we derive C= n{C,, qEX1(AG)}, and since each C, is a Dedekind domain 
it follows that C is integrally closed in L, hence C is the integral closure of 
AG in L. Therefore C is a Krull domain (cf., e.g., [4]). 
4. MAXIMAL ORDERS 
We retain the notations introduced in the foregoing section but we drop 
the assumption that R is a prime ring. The following lemma is due to D. B. 
Webber [ 161. 
4.1. LEMMA. Let R be a left and right hereditary Noetherian semiprime 
ring. If I is an integral left R-ideal, i.e., a left ideal of R containing a regular 
element, then R/I is an Artinian left R-module. 
4.2. COROLLARY. If R is a left and right hereditary Noetherian 
semiprime ring and P is an integral R-ideal, then P is a prime ideal if and 
only if it is a maximal ideal. 
We are now ready to prove 
4.3. THEOREM. Let R be strongly graded by afinite group G such that the 
order of G is a unit in R. Assume that A is a Dedekind domain and that R, is 
a prime P.I. ring which is a maximal A-order in Qe. If for every prime ideal q 
of AG we have that qR, = P,,..., P, where the Pi are distinct prime ideals of 
R,, then R is a semiprime De&kind order in Q in the sense of [13]. 
Proof: Since R has no 1 G I-torsion it is easily seen that R is semiprime 
(cf., e.g., [2, Corollary 5.51). It is also clear that R is a left and right 
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Noetherian ring since it is finitely generated as a left or right R,-module. 
Moreover R is left and right hereditary in view of Proposition 2.3 (note 
that the condition 1 G 1-l E R entails the existence of an element of trace 1). 
We will establish that R is a Dedekind order in Q by providing for each 
integral R-ideal an inverse in Q. First consider a maximal integral R-ideal 
M. From Q = LGR, M n AG # 0 follows. Since Mn AG is a prime ideal of 
AG the assumptions entail (Mn AG)R, = PI,..., P, = PI A a.. n P, where 
the Pi are distinct maximal ideals of R,. Now R/(M n AG) R is a strongly 
graded ring, so by Corollary 5.5 of [Z] it follows that (MnAG) R is a 
semiprime ideal of R. By the foregoing corollary we infer that 
(M n AG) R = M n J, where J is an ideal of R not contained in M, and it is 
easily seen that (M n AG) R = MJ = JM. The inverse for (M n A G R, in Qe 
may be used to construct an inverse for (Mn AG) R in Q. Thus JM = MJ 
has an inverse in Q and this entails that M is invertible in Q. 
Next consider an arbitrary integral R-ideal I# R. Let M, be a maximal 
integral R-ideal containing I. Then we observe that Zc ZM; l c R where 
M;’ is the inverse of Mi in Q, and we claim I# ZM;‘. Otherwise Z= 
ZM, = ZMf = ... ) hence Z c My for all m E N. By Lemma 4.1, R/Z is an 
Artinian ring, so Mf = Mf + ’ = . . * for some k E N, whence Ml = R. But if 
ZM;’ #R we may continue the procedure and after a finite number of 
steps (because R is Noetherian) we obtain that there is an integer I > 1 
such that ZM;‘M, ’ . ..M.-‘=R. So Z=M;.- M2M, and consequently it 
is invertible in Q by the first part. 
4.4. COROLLARY. Zf in Theorem 4.3 we assume moreover that R is a 
prime ring, then C is a Dedekind domain and R is a maximal C-order in Q. 
Proof If R is prime then by [14] C is a Dedekind domain and R is a 
finitely generated C-module; the statement follows immediately from the 
theorem. 
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